We analyze the structures emerging in the spacetime representation of the probability density woven by a slightly relativistic particle caught in a one-dimensional box. In particular, we evaluate the relativistic effects on the revival time and the specific changes produced in the intermode traces, which quantum carpets consist of. Moreover, we present a detailed mathematical analysis of such quantum carpets pursuing the approach of a kernel. Here we represent the probability distribution as a superposition of interfering Airy function-type structures along straight world lines. We also show that this phenomenon can be enhanced by many orders of magnitude in semiconductors with narrow band-gap (e.g. as in InSb) and small effective mass of the electron, whereby due to the strong nonparabolicity of the semiconductor conduction band, the electron energy vs momentum dispersion relation behaves in a pseudo-relativistic way.
Introduction
In this article we study the structures shown in Figs. 1 and 2, emerging in the spacetime representation of the probability density of a slightly relativistic particle caught in a one-dimensional box. The first observation of these traces in a nonrelativistic box was in a computer simulation in [1] ; however, no explanation of the canals and ridges was suggested at that point. Motivated by this unusual feature in the probability density of this most elementary quantum system we have studied these quantum carpets [2] in great detail [3] [4] [5] . What we call here a "quantum carpet" is a rich and highly regular pattern in the quantum mechanical probability density, |ψ(x, t)| 2 , describing the spatio-temporal evolution of wave packets [6] . So far, four explanations of non-relativistic quantum carpets have been put forward: (i) interference terms in the Wigner function [3] , (ii) degeneracy of intermode traces [4] , (iii) cancelation between appropriate terms in the energy representation [7] , and (iv) the kernel based on Green function [5] .
In the present paper we generalize the approaches of intermode traces and Green function to the slightly relativistic particle. This problem is identical to the post-paraxial theory of Talbot images. Reference [8] has studied the post-paraxial propagator of the electric field or the wave function. The relevant sum involves the summation index in a quadratic or a quartic way. In contrast we study a kernel which is a quadratic form of the propagator. Consequently, the forth powers reduce to third powers which can be expressed in terms of an Airy function. (online colour at: www.fp-journal.org) Quantum carpets of a slightly relativistic particle caught in a box formed by the density plot of the probability density to find the particle at time t at position x. The initial wave function corresponding to three cases (a), (b), and (c) is a wave packet formed by the ground state wave function with the initial momentump = 7 k1 (a),p = 11 k1 (b), andp = 15 k1 (c). The grey scale ranges from white (low probability) to black (high probability). The dashed line marks the revival time T /2 of the non-relativistic particle. The upper diagrams show the populations of the different energy levels of the box, labeled by the quantum numbers. For all carpets we have chosen the relativistic parameter q = 10 −2 .
The design of a quantum carpet reflects a large-scale interference between many excited eigenmodes of the system. The key mechanisms for this pattern formation are [4] the pair interference between eigenmodes of the system, each term resulting in what we call an "intermode trace", and the degeneracy of these traces. We have also demonstrated [4] that these traces exist in any anharmonic potential, although they are most pronounced in the case of the non-relativistic box potential, since the box has the highest possible degeneracy. This property comes from the perfectly quadratic spectrum, a characteristic common to other rotorlike systems.
Quantum carpets in various quantum systems
Quantum carpets have become rather popular. They manifest themselves in many quantum systems where the energy spectrum displays an almost quadratic dependence [9] . They originate from the Talbot classical optics [10] but have also been observed experimentally in atom optics [11] . More recently they appeared in wireless transfer between antenna arrays at the Talbot distance [12] . Moreover, wave packets of Rydberg electrons display quantum carpets as shown in [13] .
Quantum carpets are not limited to systems where the time evolution is governed by the linear Schrö-dinger equation. Even a Bose-Einstein condensate (BEC) can weave [14] a quantum carpet. However, they www.fp-journal.org are not restricted to bosons but also appear for fermions [15] . In the case of cold atoms the confining walls are made out of light sheets as realized experimentally in [16] .
Moreover, quantum carpets can display fractal features. They manifest themselves either in the time evolution [17] or as fractal noise in quantum ballistic and diffusive lattice systems [18] . Even a Bohmian approach [19] towards quantum fractals based on quantum carpets has been suggested.
Quantum walks [20] have been in the center of interest in the context of quantum information. They provide an enhanced diffusion compared to Brownian motion and are therefore useful for search algorithms. In this context quantum carpets have also been found [21] in continuous-time quantum walks.
We conclude by mentioning that an analysis of quantum carpets based on number and group theoretical tools suggests possible application to integer factorization [22] by means of base-N quantum computing registers [23] .
Why relativistic corrections?
We have briefly addressed the relativistic modifications [4] of the trace trajectories as perhaps the most fundamental yet very small factor to break the degeneracy and found relativistic corrections to the intermode trace velocities. In particular, we have shown that the maximum relative correction is of the order
where E max is the maximum excitation energy of the electron in the system and β ≡ v max /c. For an excitation energy E max ∼ 0.5 eV we find with m e = 9.1095 × 10 −31 kg and c = 2.9979 × 10 8 m/s the maximum relative correction |Δ| ∼ 10 −6 . In this paper we make a detailed exploration of the slightly relativistic corrections and observe a few remarkable features: (i) The velocity dependence of the mass amends the "velocities" of the intermode traces, which was natural to expect; (ii) In spite of the relativistic nonlinearity, the entire pattern still shows a strong revival (at least in the first few revival cycles), which is a less expected effect. This phenomenon is mostly due to the fact that the group of excited levels, engaged in the motion, is relatively tight and to a great extent the degeneracy is almost intact, while the entire spectrum is relativistically expanded. We estimate the shift of the revival time, which increases with the excitation energy.
One might argue that under regular laboratory conditions, with the electron energy being of just a few eV, such small slightly relativistic corrections would be insignificant and negligible. Nevertheless, even these extremely tiny modifications of the classical trajectory can produce large nonlinear effects on a sufficiently long time scale. The case of reference is the hysteretic cyclotron resonance [24, 25] of a single electron in a magnetic field, predicted in [24] and experimentally observed in [26] . Indeed, the excitation energy of the electron in the experiment [26] was typically smaller than 1 eV and theoretical estimates [24] showed that it could even go lower, down to 10 −3 eV. The slight relativistic mass effect of the free electron in vacuum is the basis of the cyclotron maser, that is the gyrotron [27] . Furthermore, since conduction electrons in narrow-gap semiconductors exhibit a pseudorelativistic behavior [28] , it was proposed to develop a solid-state cyclotron maser [29] by exploiting the pseudo-relativistic behavior of conduction electrons in semiconductors. Indeed, the dispersion relation between the conduction-band energy and the momentum closely resembles the expression for the energy of a relativistic particle, in which the speed of light c is replaced by a characteristic velocityṽ 0 determined by the energy gap and the effective mass of the conduction electron. Therefore, our considerations on the quantum carpets of a slightly relativistic particle apply to these systems as well. The pseudo-relativistic velocity domain is easily accessible and the nonlinear mass dependence on momentum has been shown to produce also a hysteretic bistable cyclotron resonance [30] . The enhancement of the relativistic effects in narrow-gap semiconductors is estimated as the ratio of the rest-energy of a free electron to the band-gap, and could be as large as a few orders of magnitude in comparison to the free-electron case. Our paper is organized as follows. In Sec. 2, we briefly review the concept of intermode traces [4] in the spatio-temporal dynamics of a wave packet in a non-relativistic multi-level quantum system prepared by a broad-band excitation and weaving quantum carpets. We then generalize in Sec. 2.2 the theory of these traces to the problem of a slightly relativistic electron in a box with infinitely high walls. Section 3 is dedicated to a discussion of the quantum revival. In most of the cases of interest, it remains a strongly pronounced effect that can be used as a "global" indicator and a measurement parameter of the phenomenon. We illustrate these new results with the quantum carpets in the simplest cases, whereby the original wavefunction is either a ground state, or a very narrow wave packet with the spatial width much shorter than that of the box.
So far we have used qualitative arguments to explain the canals and ridges in the case of the relativistic particle and presented numerical estimates of the size of the effects. In the remaining sections we pursue a more mathematical approach. In Sec. 4 we introduce the concept of the kernel which allows us to cast the probability density W into a double integral of the product of the initial wave function and its complex conjugate and the kernel. The latter consists of the product of the Green function and its complex conjugate. We then derive in Appendix A an explicit expression for the kernel in terms of an infinite sum of Airy functions and dedicate Sec. 5 to a discussion of this formula. In Sec. 6 and Appendices B and C, we evaluate the double integral for a Gaussian initial wave packet and discuss the emerging carpets. The probability distribution of a non-relativistic particle is recovered in Appendix D as a limiting case of the more general expression for a slightly relativistic particle.
In Section 7, we analyze the possibility of using the pseudo-relativistic behavior of conduction electrons in semiconductors, and show that the sensitivity of intermode traces to the relativistic excitation can be enhanced by many orders of magnitude. This fact suggests a very realistic way for the experimental observation and a possible application of quantum carpets to the characterization of semiconductors. We conclude by summarizing our main results in Sec. 8.
Intermode traces
In a way of a technical introduction to quantum carpets, that is highly-organized patterns of intermode traces, we first review in this section the formation of non-relativistic intermode traces in a one-dimensional (1D) "quantum box" [4] . A 1D square well potential with infinite walls, that is a box, is probably the best model to demonstrate intermode traces, since all its eigenfunctions and eigenenergies are well-known and elementary. We then address the corresponding problem of a slightly relativistic particle. Here we derive approximate but analytical expressions for the relevant eigenfunctions and energies.
2.1 Non-relativistic particle
Wave equation
We recall that the Schrödinger equation for the wave function ψ(x, t) of a non-relativistic particle with mass M , moving along the x-axis in a box of length
where is Planck's constant and
is the non-relativistic Hamiltonian consisting only of kinetic energy.
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It is worth noting that Maxwell equations of classical electrodynamics can also be approximated by the same equation under the assumption of small diffraction and fixed polarization, that is in the so-called paraxial approximation. In the resulting scalar equation, the wave function ψ is replaced by the field amplitude E, the operator d 2 /dx 2 by the "transverse" Laplacian, the time t by the longitudinal coordinate z of propagation, and by the wavelength λ. The limits → 0 and λ → 0 correspond to classical mechanics and ray optics, respectively. Thus, the basic theory of intermode traces involves either spatio-temporal patterns in quantum mechanics with one coordinate and a time variable, or spatial patterns in optics with one transverse and one longitudinal variable. In the electromagnetic analogy, the wavefunction in a square box with infinite walls corresponds to an electromagnetic wave in a waveguide with ideal metallic walls.
Elementary intermode terms
The time evolution of a particle is described by the superposition
of energy eigenfunctions u m (x) with energies E m and amplitudes ψ m determined by the initial conditions. For a box of width L these wave functions read
The eigenfrequencies, energies, and wave numbers
are in terms of the ground state frequency, energy, and wave number
To bring out the spatio-temporal patterns of the probability density, |ψ| 2 , we represent it as a sum
of elementary intermode terms
We now break up the density Eq. (8) into the time-independent term
with all the diagonal components
, where |ψ m | 2 are the populations of the corresponding quantum levels, and the "interference" term,
which is the sum over all the non-diagonal components. Its average over a long time vanishes but it helps us to keep a global view of the spatio-temporal evolution of |ψ| 2 .
Since each of the energy eigenfunctions Eq. (5) is a superposition of plane waves, exp(±ik m x − iE m t/ ), the elementary interference term μ mn for m = n consists of plane waves exp(±iζ mn ), with the phase
where (C mn ) 0 are constants. Note that the two pairs of signs, ±, in front of both momentum and energy, are independent of each other, so that in Eq. (12) we have four different phases ζ mn (x, t).
Velocity of intermode traces
The lines of constant phase, ζ mn (x, t) ≡ const, form spacetime trajectories which define the intermode traces with their "velocities" [4] 
or
where S is a normalized velocity and
is a characteristic velocity, and λ c ≡ h/(M c) is the Compton wavelength.
Since S in Eq. (14) is an integer, a trace with a certain S is attributed to all the couples of modes m and n whose sum or difference is S. If the number of the states involved is sufficiently large, this trace degeneracy creates multiple superimposed traces. They in turn give rise to the distinct straight canals in the trace trajectory:
where (x mn ) 0 is a constant. The lowest possible trace velocity, (v mn ) min = v box , or |S| = 1, corresponds to |m − n| = 1 and is equal to the phase velocity, ω 1 /k 1 , of the ground state. In general, the traces that correspond to the "+" sign in the term k m ± k n in Eq. (13) and low S, have very low velocity and describe strictly quantum features of the motion. In contrast, if the excitation of the system is sufficiently high, i.e. the most populated energy levels are concentrated near some high quantum numberm 1, the "−" sign in the term k m ± k n in Eq. (13) creates the terms with high normalized velocity S ∼ 2 ·m. In this case v mn is approaching the group velocity, v gr , that corresponds to the classical motion of the particle. Indeed, an initially almost classical motion is described by a compact group of eigenmodes near the quantum numberm, with a spread Δm of these modes satisfying the condition 1 Δm m. This excitation results in a strong clustering of traces in two groups. The one with
where (Δω) mn ≡ ω m − ω n , and (Δk) mn ≡ k m − k n , is essentially a classical trajectory, since in such a case
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It coincides with the classical velocity, since the intermode trace equation obtained from Eq. (14) as
describes the classical motion of a particle with energy Em. We conclude by noting that the other group of traces, with
reflects the quantum behavior. The full set of velocities v mn defined by Eq. (14), ranging from group velocity to phase velocity at the extremes, provides a greatly useful new tool in the understanding of a quantum system.
Slightly relativistic particle
The degeneracy of some of the traces in the ideal box can be lifted either by a different form, such as the anharmonic potential [4] , or by relativistic corrections. They provide the most fundamental perturbation, although in realistic settings they are very small [4] . However, in Sec. 7 we show that in semiconductors with narrow bandgaps and a strong pseudo-relativistic dependence of energy on momentum, they may become sufficiently pronounced.
Wave equation
We start from the relativistic Hamiltonian
of a particle of mass M and expand the square root into powers of p/(M c) which yields
The time independent Schrödinger equation for the slightly relativistic particle then reads
Since the momentum operator
corresponds to a differentiation Eq. (23) is a differential equation of fourth order. Here, we do not want to go into subtle questions such as additional boundary conditions, but note that we have to maintain the boundary conditions
enforced by the walls at x = 0 and x = L. This feature suggests the ansatz 
When we substitute this ansatz into the Schrödinger equation we arrive at
which leads to the dispersion relation
The expression Eq. (27) for the wave number reduces this formula to
where we have introduced the ratio
between the Compton wavelength λ c of the particle and the length of the box. Moreover, we have expressed the energy in terms of the revival time
of the non-relativistic particle in the box. We conclude by presenting the normalized energy eigenfunctions
of the slightly relativistic particle.
Velocity of intermode traces
The trace velocities Eq. (14) are then modified in such a way that the degeneracy is lifted
Since the relativistic correction in Eq. (30) 
The average relative correction in Eq. (34) is then
For the example of an electron, that is M = m e we find for a 0.5 eV excitation an average relative correctionΔ ∼ 10 −6 . However, we will show in Sec. 7 below that this correction can be enhanced by orders of magnitude in narrow band-gap semiconductors, where the conduction electrons, beside exhibiting a relativistic-like behavior, also have greatly reduced effective mass.
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How can we observe and measure the predicted relativistic changes in the maze of intermode traces? Of course, we could isolate some individual traces and measure the change of their "velocities" v mn , Eq. (34). However, due to the finite spacing between the traces, the uncertainty of determining their velocities have to be dealt with. Another approach, at least for proof-of-principle measurements, would be to look at the clearly visible changes in the global picture, such as the revival of the quantum packet, whose characteristic time can be measured with good precision.
But we would also expect that, because of the relativistically-induced removal of the trace velocity degeneracy, Eq. (34), the revival would also be suppressed or spread. Surprisingly and fortunately, for all practical purposes this does not happen for most of the experimental conditions. Based on heuristic arguments we now derive the energy dependence of the revival time and then confirm these predictions by numerical simulations presented in Figs. 1 and 2. 
Energy dependence of revival time
Indeed, if we choose the initial state of the system to be simply its ground state as shown Fig. 1 and insures sufficient excitation of the system, that is 1 n 2 , m 2 in Eq. (34), the "spreading", ΔT , of the revival time will be much smaller than the relativistic change of that time, δT , the ratio of them being
The major factor, that contributes to this "almost-conserved" revival, is the fact that if we start with the ground state as the initial one, the total number of excited states remains always small and almost constant, regardless of how strong the excitation is , and whether it is relativistic or not. Indeed, the theory of δ-excitation [31] shows that if we want to account for say 95% of the total probability,
it is enough to include in this sum the most likely state with quantum numberm ∼ Ē /E 1 , and no more than a pair of adjacent states with their quantum numbers being m =m ± 1 and m =m ± 2. This simplification is confirmed by Fig. 1 . Thus, writing the term (n 2 + m 2 ) as
where
we arrive at the formula,
which essentially amounts to Eq. (37). Hence, Eqs. (35) and (36) are valid with great precision. The revival time T rev is a purely quantum characteristic of the system; in our case, it is determined by the smaller trace velocity, v q with |n − m| = 1 in Eq. (34), as
where T is the non-relativistic revival time defined in Eq. (32).
The natural linear increase of T rev with the increased energy of excitation is consistent with our computer simulations underlying Fig. 1 . In fact, Eq. (41) suggests the interesting generalization for a fully relativistic case of arbitrary kinetic energy E of excitation where
is the relativistic factor. Needless to say, this conjecture requires a prove using a full scale relativistic approach based on Dirac equation, which we plan to pursue in our future research.
Simulations
In Fig. 1 we show the traces predicted by Eq. (34). The initial wave packet here is the ground state wave function, u 1 (x) ∝ sin(πx/L). The system is hit by a δ-pulse delivering a momentump, which we normalize to the ground state momentum p 1 = k 1 . The resulting spectrum of excitation encompasses always the same small number of energy levels around the average state labeled by the quantum numberm, shown in the top of Fig. 1 . Moving from case (a) to (c) we increase the average excitation energy, in order to better fulfil the condition set in Eq. (37). Indeed, we confirm that the revival time increases linearly with the average excitation energy, as predicted by Eq. (41) and that the quantum carpets are not washed out.
Remarkably enough, even in case (c) the revival is still clearly present despite the relativistic correction q 2 m 2 to the eigenenergies is most pronounced. This is an apparently amazing result, but in light of Eq. (37) a strongly excited wave packet is more likely to revive at least once; furthermore, the traces become more pronounced and ordered, lending themselves for easier observation and measurements.
Interestingly enough, even when the initial state of the system is not a ground state, but a mixed state in which many quantum levels are engaged such as a Gaussian wave packet whose width is much smaller than the size L of the quantum well the first revival can still be well identified, although the expected area of revival is being spread somewhat as indicated in Fig. 2 . The higher order revivals are getting spread in a more drastic way. The amazing fact apparent from Fig. 2 is that when the energy of the excitation is increased, the entire system of traces becomes much better organized and the individual traces, as well as the first revival, are much more easily identified and "traceable".
The key to this effect is the fact that for sufficiently low initial momentum delivered to the particle with a very narrow initial quantum packet (in both cases in Fig. 2 , the ratio of that width to the well width, L, is about 1/20), we have two different quantum kinetic processes going on simultaneously. One corresponds to the almost classical bouncing of a particle between the walls due to the initial momentump accompanied by quantum spreading, while the other corresponds to the purely quantum spreading, symmetrical with respect to the middle of the well, of the narrow wave package (engaging many quantum levels from the very beginning). This feature stands out most clearly in the population diagram of the excited levels for case (a), which consists of two sub-groups of excited levels: one of them having its maximum at the ground state, with this sub-group corresponding to a pure quantum spreading, while the other one, with its maximum shifted away from the ground state, corresponds to the kinetic motion of the particle. In that particular case, the probabilities of the particle being engaged into one or another motion are of the same order of magnitude. In case (b), where the initial momentum delivered to the particle, is roughly double of that of case (a), and therefore the kinetic energy is expected to be four times of that of case (a), we see that almost all the excitation goes into kinetic (classical plus quantum) motion. The population diagram shows now a tight group of levels, which is completely separated from the ground state. Considerations, similar to those made for the case in which the system is initially in its ground state, indicate that the entire quantum carpet is much more ordered and have very straight traces, than for the "mixed" dynamics of case (a).
Green function and kernel
So far we have used qualitative arguments to explain the canals and ridges in the spacetime representation of the probability density W (x, t) ≡ |ψ(x, t)| 2 of finding a slightly relativistic particle at the position x at time t. We now study this density from a more mathematical point of view.
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The most convenient way to obtain this density is to use the Green function. In the present section we briefly review the relevant ingredients.
The time dependent wave function ψ(x, t) of a particle moving in a one-dimensional potential reads
Here ϕ(x) ≡ ψ(x, t = 0) denotes the initial wave function and the Green function
consists of the energy eigenfunctions u m (x) with energy E m . Hence, the probability density
follows from the integration of the kernel
and the wave functions ϕ(x ) and ϕ * (x ).
Discussion of the kernel
In Appendix A we use the energy eigenfunctions of a slightly relativistic particle derived in Sec. 2.2 to obtain the Green function, Eq. (45), and the kernel, Eq. (47), of this problem. The resulting kernel
contains the world lines 
Here, T ≡ 4M L 2 /(π ) denotes the revival time of the non-relativistic particle in the box and Ai is the Airy function.
The expression Eq. (48) for the kernel together with Eqs. (49) and (50) is the key result of the present paper. We now discuss the main properties of K.
We first note that the kernel consists of a superposition of products of phase factors and appropriately scaled Airy functions. The arguments of the Airy functions contain the quantityχ j,l , a scaled time variable β j (t) and the integration variables x and x . Here, an interesting factorization property comes to light. Whenever the phase factor contains the difference x − x of the integration variables the argument of the Airy functions contains the sum x + x , and vice versa. This feature will become important when we perform the integrations over the coordinates and the initial wave packet enjoys the same factorization properties.
Moreover, the quantityχ j,l describes straight lines in spacetime which cross the x axis at integers l and whose steepness is governed by j − q 2 j 3 /2. This feature suggests that the spacetime structures in the probability density should be also straight lines with the steepness slightly modified by the relativistic parameter q. However, Fig. 3 shows that this conjecture is not correct. The blurred spacetime structures follow curved world lines. This deviation from the intuition is due to the behavior of the Airy function and the time dependence of the function β j (t) in its argument. For short times the Airy function shows a dominant maximum which is reminiscent of a localized Gaussian function. For larger times many side maxima emerge. This long range oscillatory tail leads to extended interference effects among several terms in the expression Eq. (48) of the kernel and results in a distortion of the original pattern of straight lines in the probability density. The form of the initial wave packet ϕ(x) determines how many of these oscillations survive. To bring this out more clearly we study in the next section a specific wave packet.
Gaussian wave packet
So far we have discussed the properties of the kernel. In the present section we analyze how they map onto the time evolution of a wave packet. Here we focus on an initial wave packet which satisfies the same factorization condition as the kernel. For this reason, we concentrate on the case of a Gaussian initial wave packet
of width Δx centered atx and moving with average momentump ≡j π/(2L) > 0. When the width Δx is much smaller than the width of the box we can extend the integrations in Eq. (46) determining the probability density to minus and plus infinity and evaluate the integrals in an exact way. According to Appendix B the probability density of a slightly relativistic particle reads , t)] for l = 0, j = 4. In the non-relativistic limit, this term is responsible for the canal in the probability density along the diagonal connecting the lower left corner to the upper right one. We use a grey scale in which white areas correspond to minima, while dark ones to maxima. The parameters have been chosen as in Fig. 3 .
Here, we have substituted Δj ≡ 2L/(πΔx),j ≡ 2Lp/( π) and have introduced the abbreviation
with ε ≡ Δx/(2L). The probability density is a superposition of infinitely many substructures. They are aligned along the straight world lineχ j,l characterized by the two integers j and l denoting the steepness and the crossing with the x axis. Each structure is formed by the product of a Gaussian weight factor and the Airy function type quantity A j .
We recognize two qualitatively different Gaussians whose maxima are either at j = ±j or at j = 0. Forj 1 these two Gaussians lead to two very distinct clusters of structures. One class has world lines in the spacetime diagram that are very flat corresponding to a large velocity. The other class represents lines that are very steep corresponding to low velocity. Sincej is proportional to the initial average momentum p of the particle the structures resulting fromj = 0 reflect the classical motion. In contrast, the structures clustered around j = 0 are a consequence of the wave nature of matter. Indeed, the interference character of the third term in Eq. (52) stands out most clearly by the fact that it is the real part of a complex number. However, the contributions corresponding to the classical motion are purely real.
The object A j defined by Eq. (53) comprises a product of an exponential function and an Airy function. Both have arguments proportional to β j (t). The argument of the Airy function is proportional to the product β j (t)χ j,l and therefore proportional to x/t 1/3 . Hence, the minima (negative values) and maxima (positive values) of the Airy function move in the (x, t)-plane along these curved world lines and carve canals and mount hills along them.
However, the exponential function moves according to a different law. The argument of the exponential contains the term β 3 j (t)χ j,l which is proportional to x/t. Therefore, the exponential moves linearly in time. It is due to this difference between the behavior of the exponential function and the Airy function, that more and more structures develop in the (x, t)-plane. They prevent the formation of a complete revival of the initial wave packet.
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As an illustration, we depict in Fig. 4 the time evolution of the interference substructure l = 0 and j = 4. We recognize that the initially well-localized canal represented by a white line develops characteristic side oscillations, that eventually spread over the whole box. The instances of time when these side maxima occur for the first time shift for increasing average momentum and larger values of the relativistic parameter q 2 to earlier times.
We conclude this section by noting that for small values of the relativistic parameter q 2 all features of the carpets characteristic of the relativistic particle must fade away. Since this process is not obvious from the expressions Eqs. (52) and (53) we dedicate Appendix D to the discussion of this limit. In this way we make contact with the non-relativistic probability distribution obtained earlier in [5] .
Pseudo-relativistic traces
The relativistic mass-effect of an electron can result [24, 25] in a bistable behavior and large hysteretic jumps of the cyclotron resonance of the electron in free space. This phenomenon originates from the dependence of the cyclotron frequency of driven oscillations in the slightly relativistic mass of the electron, and hence on its momentum or kinetic energy.
A similar effect should be expected [30] in semiconductors whose conduction electrons have a particularly strong dependence of their effective mass on the excitation energy. The effect is feasible due to the nonparabolicity of the semiconductor conduction band which causes a pseudo-relativistic dependence [28] of the effective mass of conduction electrons on their momentum or energy.
The main beneficial features of narrow-band semiconductors in comparison with the free-electron case are: (i) The nonlinearity of conduction electrons in semiconductors is many orders of magnitude larger than the relativistic nonlinearity of the free electron. This fact allows us to attain a fairly low initial momentum of electron or a low intensity of δ-like kick resulting in that momentum even taking into consideration the faster relaxation processes in semiconductors. (ii) The effective mass of the electron in some semiconductors such as InSb is up to two orders of magnitude smaller than that of the free electron rest mass, which also enhances the conditions on the initial momentum.
Electrons in a narrow-band semiconductor well
In narrow-gap semiconductors which can be described by Kane two-band model [28] with isotropic nonparabolic bands, the conduction band energy E can be written as
where p is the momentum of the conduction electron,m e is its effective mass at the bottom of the conduction band and
is some characteristic speed expressed in terms of the gap energy E G . When we recall that the energy E in Eq. (54) is measured with respect to the middle of the gap and subtract the energyẼ 0 the kinetic energy
(56) of a band electron in terms of its momentum p is very similar to the relativistic Hamiltonian Eq. Likewise, the eigenfrequencies, energies, and wave numbers follow similar substitutions. These relations clearly bring out the fact thatṽ 0 plays the role of an effective speed of light. The pseudo-relativistic analogy in narrow-band semiconductors is completely destroyed at the energies E ∼ E max at which the pseudo-relativistic effective mass of the electron approaches the rest mass m e of a free electron, where
is such that the order of magnitude of the highest pseudo-relativistic correctionΔ max can be estimated as
For InSb, we recall the band gap energy E G = 0.24 eV and the effective massm e = 0.014 m e where m e is the electron rest mass in vacuum, so thatṽ 0 ∼ 1.23 × 10 8 cm/s. For narrow-gap semiconductors [28] , such as P b 1−x Sn x Se, P b 1−x Sn x T e, or Cd 1−x Hg x T e, we find typically E G ∼ 0.05 eV,m e ∼ 10 −2 m e , andṽ 0 ∼ 6.6 × 10 7 cm/s. As a result we arrive for InSb at the estimateΔ max 1, which is already far beyond the slightly-relativistic approximation. Thus, even a few mV excitation of narrow-band pseudo-free electrons can bring about very strong relativistic-like effects. However, as we have already noted, one can use Eq. (42) for strongly relativistic cases.
Enhancement of the relativistic factor
From the definition Eq. (31) of the relativistic factor q we find the pseudo relativistic parameter
corresponding to an electron in a narrow band semiconductor. When we recall the parameters for the ratio c/ṽ 0 , we find thatq exceeds the "vacuum" parameter q by many orders of magnitude that is
The eigenenergies (35) are also modified and the average relative correction reads
which constitutes a great enhancement with respect to Eq. (36).
Summary and outlook
In this paper, we have explored the changes of the intermode traces weaving a quantum carpet, due to slightly-relativistic perturbations in the quantum motion of a particle confined to a one-dimensional box. We have found simple formulas governing these changes in the trace velocities and have shown that the most representative global effect of the quantum motion, the quantum revival, in the most relevant cases remains intact. The revival time is rising with the increase of relativistic factor q as described by a very simple formula, which is easily generalized to a strongly-relativistic case. Indeed, the delay of the revival is proportional to the relativistic factor, that is the full dimensionless energy of the particle. Moreover, we have also shown that the entire phenomenon can be enhanced by many orders of magnitude in semiconductors with narrow band-gap and small effective mass of the electron. This observation puts this effect of the delay of the revival time into the category of experimentally observable and measurable new quantum effects.
www.fp-journal.org A slightly relativistic particle caught between two walls creates structures in spacetime that follow curved world lines. In the present paper, we have analyzed this phenomenon using the kernel formulation. We have shown that the kernel consists of an infinite double sum of products of phase factors and Airy functions. Here we have noted an interesting factorization property. This feature enhances the contrast, provided the initial wave packet also satisfies the factorization property. We have illustrated this formalism using a Gaussian wave packet.
Our treatment includes only the quadratic corrections to the Hamiltonian. This restriction has led to the appearance of the fourth power of the quantum number. In the kernel the difference of the energies appears. Since we have introduced the sum and the difference of quantum numbers, only cubic terms arise.
We can easily take into account higher order corrections to the Hamiltonian. For example, we can include the next order which would bring in the sixth power of the quantum number. In the resulting integral for the kernel this addition gives rise to the fifth power of the integration variable corresponding to the swallow tail integral. However, this extension leads us beyond the realm of this paper.
Appendices

A Derivation of Green function and Kernel
In this appendix we calculate the Green function
(63) and the kernel
of the slightly relativistic particle. In order to keep the notation simple we have introduced the abbreviations
When we substitute the decomposition
of the energy eigenfunction into a right and left going wave together with the energy eigenvalues
into the expression, Eq. (63), for the Green function we find
Here we have introduced the dimensionless time τ ≡ t/T . We combine the terms with m and −m and arrive at 
We are now in the position to evaluate the kernel
which yields
With the help of the function
the kernel reads
When we make use of the summation formula 
we arrive at the expression
for the function D sr of the slightly relativistic particle. Here, we have introduced the spacetime trajectorỹ 
that is, ρ = sign(j) (3πq
and find
The explicit expressions Eqs. (82) and (83) for the function D sr and the argument β j together with Eq. (73) determine the kernel K of the slightly non-relativistic particle.
In the limit of the non-relativistic particle, that is q = 0, the spacetime trajectoryχ j,l reduces to
and the integral in Eq. (77) gives rise to a delta function. Hence, the function D sr simplifies to the expression
of the non-relativistic particle in complete agreement with [5] .
B Probability distribution
In this appendix we perform the two-dimensional integral
consisting of the product of the initial Gaussian wave packet 
derived in Appendix A. When we note the factorization property
of the Gaussian g with
and
and introduce the new integration variables
we find 
Here we have defined the integrals ± we find immediately
